Recently, Ross [30] suggested that it is possible to recover an objective measure from a risk-neutral measure. His model assumes that there is a finite-state Markov process X t that drives the economy in discrete time t ∈ N. This article extends his model to a continuous-time setting with a Markov diffusion process X t with state space R. Unfortunately, the continuous-time model fails to recover an objective measure from a risk-neutral measure.
Introduction
A risk-neutral measure is one of the main concepts in financial mathematics that determines the prices of assets and options in a financial market. The risk-neutral measure is distinct from an objective measure, which describes the actual stochastic dynamics of markets. The conventional belief is that one cannot determine an objective measure by observing a risk-neutral measure. The best known example capturing this belief is the Black-Scholes model, which says that the dynamics of a stock under a risk-neutral measure is independent of the dynamics of the stock under an objective measure.
Recently, Ross [30] questioned this belief and suggested that it is possible to recover an objective measure from a risk-neutral measure under some circumstances. His model assumes that there is an underlying process X t that drives the entire economy with a finite number of states on discrete time t ∈ N. This result can be of great interest to finance researchers and investors, and thus it is highly valuable to extend the Ross model to a continuous-time setting, which is practical and useful in finance.
In this paper, we investigate the possibility of recovering in a continuous-time setting t ∈ R with a time-homogeneous Markov diffusion process X t with state space R. In this setting, the risk-neutral measure contains some information about an objective measure. However, the model unfortunately fails to recover an objective measure from a risk-neutral measure.
A key idea of recovery theory is that the reciprocal of the pricing kernel is expressed in the form e βt φ(X t )
for some positive constant β and positive function φ(·). In section 2, we justify this argument with a microeconomic foundation by employing the consumption-based capital asset model. The basis of recovery theory is finding β and φ(·). Thus, we obtain the pricing kernel and the relationship between the objective measure and the risk-neutral measure.
We will see that β and φ(·) satisfy the second-order differential equation (DE) 1 2 σ 2 (x)φ (x) + k(x)φ (x) − r(x)φ(x) = −β φ(x) .
Thus, recovery theory is transformed into a problem of finding a particular solution pair (β, φ) of this particular DE with β > 0 and φ(·) > 0. If such a solution pair were unique, then we could successfully recover the objective measure. Unfortunately, this approach categorically fails to achieve recovery because such a solution pair is never unique. This approach is discussed in section 3. Many authors have extended the Ross model to a continuous-time setting and have also confronted the non-uniqueness problem. To overcome the non-uniqueness problem, many authors assumed more conditions onto their models so that the DE has a unique solution pair satisfying the conditions. Carr and Yu [9] introduced the notion of Long's discovery of the numeraire portfolio to extend the Ross model to a continuous-time setting. They assumed Long's portfolio depends on time t and the underlying process X t , and then they derived the above same DE. Carr and Yu also assumed that the process X t is a time-homogeneous Markov diffusion on a bounded interval with regular boundaries at both endpoints. They also assumed that φ(·) is in L 2 (w) for some measure w to apply the regular Sturm-Liouville theory, thereby obtaining a unique solution pair satisfying these conditions. Dubynskiy and Goldstein [12] explored Markov diffusion models with reflecting boundary conditions.
Walden [31] extended the results of Carr and Yu to the case that X t is an unbounded process. Walden proved that recovery is possible if the process X t is recurrent under the objective measure. In addition, he showed that when recovery is possible in the unbounded case, approximate recovery is possible from observing option prices on a bounded subinterval.
Qin and Linetsky [27] proved that recovery is possible if X t is recurrent and the pricing kernel admits a Hansen-Scheinkman decomposition. They also showed that the Ross recovery has a close connection with Roger's potential approach to the pricing kernel. Borovicka, Hansen and Scheinkman [5] showed that the recovery is possible if the process X t is stochastically stable under the objective measure. They also discussed applications of the recovery theory to finance and economics.
In fact, the papers of Borovicka, Hansen and Scheinkman [5] , Qin and Linetsky [27] and Walden [31] assumed a common condition on X t . Specifically, X t is recurrent under the objective measure. The mathematical rationale for this condition is to overcome the non-uniqueness problem of the DE mentioned above. Indeed, the DE has a unique solution pair satisfying this condition and we will review this condition in section 5.1.
In this article, we investigate the possibility of recovery when the process X t is transient under the objective measure. We explore in this case what information is necessary and sufficient to recover. Our main contribution is to show that if β is known and if X t is non-attracted to the left (or right) boundary, then recovery is possible. In addition, if X t is attracted to both boundaries, then recovery is never possible (regardless of knowing β or not). We justify that X t is non-attracted to the left (or right) boundary with economic or financial arguments and also see how to choose β. This topic is discussed in section 7.
Next, we focus on the function φ rather than the process X t . We determine what information about φ(·) is necessary and sufficient to recover the objective measure from the risk-neutral measure. To explore this subject, we introduce the notion of a reference function, which contains information about φ(·) near the area where the process X t lies with high probability under the objective measure. We also discuss the relationship between the transiency of X t and the reference function. The notion of a reference function is useful for empirical purposes. This topic will be covered in section 6.
In section 8, we investigate applications of recovery theory. Based on recovery theory, we find the pair (β, φ) and explore how the pair can be used for finance or economic applications. We see the long-maturity behavior of an option when the payoff is of the form f (X t ) for some function f. In section 8.2, we recover the utility function of the representative agent by illuminating the relationship between X t and the aggregate consumption process of the economy. Section 9 presents two examples: the Black-Scholes model and the Cox-Ingersoll-Ross (CIR) model. Section 10 summarizes this article.
Microeconomic Foundations
In this section, we build the microeconomic foundations of recovery theory. A financial market in section 2.1 and the consumption-based capital asset model in section 2.3 are used. The contents of section 2.2 and 2.3 are indebted to [22] .
Financial Markets
A financial market is defined as a probability space (Ω, F, P) having a Brownian motion B t with the filtration F = (F t ) ∞ t=0 generated by B t . All the processes in this article are assumed to be adapted to the filtration F. P is the objective measure of this market. Assumption 1. In the financial market, there are two assets: a risk-free asset M t and a risky asset S t . It is assumed that
with an interest rate process r t and that a risky asset S t is a positive continuous semi-martingale.
Assumption 2. The market (Ω, F, P) with (M t , S t ) has no arbitrage and is complete.
This implies that for fixed T > 0, there exists a unique equivalent martingale measure Q with respect to P on (Ω, F T ) such that St Mt is a martingale under Q for 0 < t < T. Put the Radon-Nikodym derivative
which is known to be a martingale process on (Ω, F, P) for 0 < t < T. Using the martingale representation theorem, we can write in the SDE form 
Agents in the Market
There is a finite number K of agents in the market. Each agent has an endowment process k and a utility function U k for k = 1, 2, · · · , K. We say a function u : [0, ∞) → R is a utility function if the following conditions are satisfied:
All the agents are endowed with the single perishable commodity. { k } 1≤k≤K are nonnegative and adapted to the filtration F. Agents may consume some portion of their endowment as it arrives, and they invest the rest of it in the market. They may buy and consume extra endowment from the markets. However, the endowment cannot be stored. We denote the consumption of agent k at time t by c k (t); thus, Γ k (t) := k (t) − c k (t) is invested in the financial market at time t. Each agent k has a Γ k -financing portfolio (ϕ k (t), π k (t)), i.e., the wealth process
Each agent k wants to find c k ≥ 0 such that c k maximize
for a fixed T > 0. Here, β > 0 is the discount rate of the agents (or market participants) and is assumed to be common to all agents. Agent k must satisfy the budget constraint:
X T ≥ 0 almost surely to avoid a Ponzi scheme. This budget constraint is equivalent to the following dynamic budget constraint:
which means that the sum of the current values of the future endowment and the wealth process should be nonnegative. The dynamic budget constraint is also equivalent to the following static budget constraint:
This maximization problem with one of these budget constraints is known as Merton's problem. There are several ways to solve this problem. One is to use the dynamic programming principle with the dynamic budget constraint as Merton did. Another approach is to use the Lagrangian technique with the static budget constraint. Both give the same solution, and the optimal consumptionĉ k (t) satisfies
where λ k is the unique constant such that
Clearly, λ k > 0 for all k = 1, 2, · · · , K. The aggregate endowment process t is defined by
and assumed to be a continuous, positive semi-martingale.
Equilibrium and the Representative Agent
We assume that the financial market (Ω, F, P) equipped with
is an equilibrium market, which means by definition that K k=1ĉ k (t) = t (clearing the commodity market).
With this assumption,
and by defining two functions
we obtain
It is known that that H is the derivative of the function
and U is itself a utility function. This function plays the role of the utility for a representative agent who assigns proper weights λ 1 , λ 2 , . . . , λ K to agents and has an optimal consumption equal to the aggregate endowment. Because the aggregate endowment t is equal to the aggregate consumption c t :
.
For any tradable asset D t , we know Dt Mt is a martingale under Q.
This implies that the price of a tradable asset is determined by the aggregate consumption process. This observation is referred to as the consumption-based capital asset pricing model (CCAPM). For more details, refer to [22] .
Indicator Process
The purpose of recovery theory is to obtain P from the information of Q by finding the RadonNikodym derivative Σ t := dQ dP Ft
. Recall that in the CCAPM, the Radon-Nikodym derivative is expressed by
Assume we know the dynamics of c t under Q ex ante. If you can find U (·) and β using a suitable technique to be stated later, then Σ t is obtained, and we can then recover P. However, this means of recovering P has some flaws when put to practical use. First, the aggregate consumption data cannot be obtained immediately. These data are usually obtained annually or semi-annually from a statistical office or a statistics agency. Hence, it is impossible to find and calibrate the model of the aggregate consumption process immediately.
Second, we cannot obtain data that show the dynamics of the aggregate consumption process under the risk-neutral measure Q. To determine the behavior of the aggregate consumption process under Q, a sufficient number of options whose underlying process is the aggregate consumption process are necessary. However, there are no such options in the actual financial market.
In conclusion, finding an appropriate model of the dynamics of c t is not straightforward because it is difficult to obtain data pertaining to the aggregate consumption process.
Suppose there is a process X t in the financial market such that the dynamics of X t reflects the dynamics of the aggregate consumption process c t very well. Formally, there is a bijective map i such that c t = i(X t ). Moreover, if we can obtain the data of X t under the risk-neutral measure Q immediately, we can use this X t to recover P instead of the aggregate consumption process. We refer to this process X t as an aggregate-consumption indicator process or simply an indicator process.
There are several processes that can serve as indicator processes. One candidate is the short interest rate r t . For a short time interval t ∈ [0, T ], it is well known that the short interest rate r t reflects the dynamics of the aggregate consumption process well. Moreover, r t has many advantages. We can obtain the data of r t immediately from the financial market. In addition, there are ample bonds and options whose underlying process is r t such that is easily possible to obtain data pertaining to the dynamics of r t under the risk-neutral measure Q. We discuss an example in which the short rate serves as an indicator process in section 9.2.
Another candidate is a stock market index process such as the Dow Jones Industrial Average and Standard & Poor's (S&P) 500. In the long time interval, the stock market is procyclical with regard to the aggregate consumption process, which means that a stock market index process reflects the dynamics of aggregate consumption process well in the long-term. Data of a stock market index under the risk-neutral measure can be easily obtained from the financial market. In addition, a suitable (linear) combination of a short interest rate and stock market index processes can serve as an indicator process.
Motivated by (2.4), by setting c t = i(X t ) and
, we give a formal definition of an indicator process in the following way. Definition 2.1. A process X t is called an indicator process if there are a positive function φ ∈ C 2 (R) and a positive number β such that
In this case, we say (β, φ) is a principal pair of X t .
We assume that there is an indicator process X t in the market and that we know its dynamics under the risk-neutral measure ex ante.
Assumption 3.
Assume there is an indicator process X t in the financial market and X t is a time-homogeneous Markov diffusion process satisfying the following:
Here, k(·) and σ(·) satisfy some mild regularity conditions such that this stochastic differential equation has a strong solution. k(·) and σ(·) are assumed to be known.
Assumption 4.
The short interest rate r t is determined by the indicator process X t . More precisely, there is a continuous positive function r(·) such that r t = r(X t ).
Transformed Measure
The basis of recovery theory is finding the principal pair (β, φ) and then obtaining the objective measure P by setting the Radon-Nikodym derivative
We see that the principal pair satisfies a second-order differential equation. Applying the Ito formula to (2.5), we have
and by (2.2), we know
By comparing these two equations, we obtain
Using notation L defined by
we have the following theorem.
Theorem 3.1. Under Assumption 1-4, let (β, φ) be a principal pair of X t . In this case, (β, φ) satisfies Lφ = −βφ .
In other words, if (λ, h) is a solution pair of Lh = −λh with h(·) > 0 and λ > 0, then (λ, h) is a candidate for the principal pair of X t .
For any solution pair (λ, h) with h(·) > 0 and λ > 0, one can attempt to recover the objective measure P by setting the Radon-Nikodym derivative by
Definition 3.1. The measure L obtained from the risk-neutral measure Q by the RadonNikodym derivative
is called the transformed measure with respect to the pair (λ, h).
We have the following proposition by (2.1) and (3.1).
Propositioin 3.1. Let L be the transformed measure with respect to (λ, h). A process B t defined by
is a Brownian motion under L. Furthermore, the indicator process X t follows
Clearly, the transformed measure with respect to the principal pair is the objective measure P. When a pair (λ, h) is not the principle pair, Borovicka, Hansen and Scheinkman [5] call the transformed measure a misspecified recovery.
The basis of recovery theory is obtaining a principle pair by finding a solution pair (λ, h) of Lh = −λh with h(·) > 0 and λ > 0. If such a solution pair were unique, then we could successfully recover the objective measure. Unfortunately, this approach categorically fails to achieve recovery because such a solution pair is never unique. See Appendix A for more details. This proposition says that we need to assume more conditions for the objective measure to choose a unique solution pair such that the objective measure can be recovered from the risk-neutral measure.
Carr and Yu [9] assumed φ ∈ L 2 (w) for some measure w and suitable boundary conditions to apply the regular Sturm-Liouville theory, thereby obtaining a unique positive solution. Borovicka, Hansen and Scheinkman [5] , Qin and Linetsky [27] and Walden [31] also assumed some condition on X t to restrict the class of candidates of the principal pair. These three papers assumed a common condition on X t , namely, that X t is recurrent under the objective measure P. We review this theory in section 5.1.
Recurrence and Transience

Mathematical Preliminaries
In this section, we establish the mathematical preliminaries for recurrent and transient processes. The contents of this section are indebted to [13] , [21] and [23] . Recall the indicator process in Proposition 3.1:
Suppose X t to be a process on a (possibly unbounded) interval I having left boundary a and right boundary b. We assume a < ξ < b.
The measure S on I defined by
is called the scale measure of X t . Define a stopping time T by the following way. Let (a n )
be strictly monotone sequences with limits a and b, respectively.
Propositioin 4.1. The left boundary a is non-attracting if and only if
It is similar to the right boundary b.
Propositioin 4.2. X t is recurrent if and only if both boundary points a and b are non-attracting.
Graphical Understanding
We establish a graphical understanding of recovery theory. The purpose of this section is to understand the graphs shown in Figure 1 . A solution h of a second-order differential equation is uniquely determined by the initial value and the initial velocity. By normalizing, we may assume h(ξ) = 1 such that a solution is determined by h (ξ). In this section, we describe the relationship between h (ξ) and the recovery of X t with respect to h. Occasionally, we use the terminology without ambiguity: the transformed measure with respect to tuple (λ, h (ξ)) means the transformed measure with respect to pair (λ, h). The two terms tuple and pair will be used to distinguish between these meanings. Definition 4.2. Fix the initial value of the indicator process: ξ = X 0 . Let (λ, h) be a solution pair of Lh = −λh with h(·) > 0. We say (λ, h (ξ)) ∈ R 2 is an admissible tuple when h(ξ) = 1 (i.e., h is normalized). Denote the set of the admissible tuple by A.
In this section, we investigate the graphical properties of A. First, we describe the set A. Let β be the maximum value of the first coordinate of elements of A :
We assume that β < ∞ and the maximum is achieved. For any λ with λ ≤ β, we set Therefore, the supremum and infimum are, in fact, the maximum and minimum, respectively. Furthermore, the λ-slide of A is a connected and compact set. See Appendix B for proof. Theorem 4.1. Under the transformed measure with respect to tuple (λ, M λ ), the indicator process X t is non-attracted to the left boundary. For z with m λ ≤ z < M λ , under the transformed measure with respect to tuple (λ, z), the indicator process X t is attracted to the left boundary.
Similarly, under the transformed measure with respect to tuple (λ, m λ ), the indicator process X t is non-attracted to the right boundary. For z with m λ < z ≤ M λ , under the transformed measure with respect to tuple (λ, z), the indicator process X t is attracted to the right boundary. Therefore, for z with m λ < z < M λ , under the transformed measure with respect to tuple (λ, z), the indicator process X t is attracted to both boundaries. For proof, see Appendix C.
(i) there is a unique number z such that (β, z) is in A. In this case, the tuple (β, z) is the unique tuple in A such that the indicator process X t is recurrent under the transformed measure.
(ii) there is an infinite number of z's such that (β, z) is in A. In this case, for any such tuple (β, z) in A, the indicator process X t is transient under the transformed measure with respect to tuple (β, z).
See section 9.1 for an example of (i) in Corollary 4.2. For an example of (ii), see Appendix G.
The following graphs summarize this section. The left graph is the case of (i) in Corollary 4.2 and the right graph is the case of (ii). In this section, we review recovery theory with the assumption that X t is recurrent under the objective measure. With this assumption, we can successfully recover the objective measure from the risk-neutral measure. This theory is especially useful when the indicator process is an interest rate process because the actual dynamics of an interest rate is usually recurrent or mean-reverting in the actual real-world measure.
Propositioin 5.1. If it exists, there is a unique solution pair (β, φ) of Lφ = −β φ with φ(·) > and β > 0 such that the indicator process X t is recurrent under the transformed measure with respect to the pair (β, φ). In this case,
That is, β is the maximum value among all the λ's of the solution pairs (λ, h) with h(·) > 0.
This proposition is easily obtained from section 4.2 and gives the following theorem.
Theorem 5.1. (Recurrent recovery) Suppose X t is recurrent under the objective measure P. We can then recover the objective measure P from the risk-neutral measure Q.
Corollary 5.2. If X t is a (regular) bounded process, then recovery is possible.
The proof is trivial because a regular bounded process is recurrent. The above corollary includes the case that the aggregate consumption process c t is bounded above and away from zero; namely, there are two positive numbers γ 1 , γ 2 such that γ 1 ≤ c t ≤ γ 2 . Thus, in this case, we can recover the objective measure from the risk-neutral measure.
Transient Recovery
Recall Proposition 3.2, Theorem 4.1 and Proposition 5.1. For any λ with λ < β, there exists (an infinite number of) positive solutions h of Lh = −λh. Furthermore, the transformed measure with respect to pair (λ, h) is always transient. Therefore, without further information, recovery is impossible if the indicator process X t is transient under the objective measure P. In this section, we encounter several conditions under which we can recover the objective measure when the indicator process is transient.
In this section, we assume that we know the discount rate β of the agents. Despite knowing this value β, we cannot achieve recovery in general because there are an infinite number of positive solutions h of Lh = −βh. However, there is only one way to recover the objective measure such that X t is non-attracted to the left (or right) boundary.
Propositioin 5.2. For any λ with λ ≤ β, there exists a unique positive solution h of Lh = −λh such that X t is non-attracted to the left (or right) boundary under the transformed measure with respect to the pair (λ, h). In this case,
That is, h (ξ) is the maximum among the derivatives at ξ of the positive solutions g of Lg = −λg when the solutions are normalized g(ξ) = 1.
This proposition is easily obtained from section 4.2 and gives the following theorem. Theorem 5.3. (Transient recovery) Suppose we know the discount rate β of the agents. If X t is non-attracted to the left (or right) boundary under the objective measure P, then we can recover the objective measure P from the risk-neutral measure Q. Theorem 5.4. If X t is attracted to both boundaries under the objective measure P, we cannot recover the objective measure from the risk-neutral measure (regardless of knowing the discount rate β of the agents ). This is because there are an infinite number of positive solutions such that the indicator process X t is attracted to both boundaries under the transformed measure.
Recall Theorem 5.3. When X t is non-attracted to the left (right) boundary, to recover the objective measure, we confront a problem of determining the discount rate β of the agents. How can we find the discount rate of the agents? We discuss this topic in section 6 and 7.
Recovery with a Reference Function
As we mentioned in section 3, recovery categorically fails without further information about the dynamics of X t under the objective measure P. In sections 5.1 and 5.2, we discussed the possibility of recovery when the given information for X t is recurrent or transient under the objective measure P.
In this section, we focus on the function φ rather than the indicator process X t itself. We assume that we roughly know the behavior of φ; for example, we know a function f such that φ −1 f is bounded below and above or such that E P ξ [(φ −1 f )(X t )] converges to a nonzero constant. Knowing f means that we have information about φ near the area where the process X t lies with high probability under the objective measure. Such a function f is called a reference function of φ. More generally and more formally, we define a reference function in the following way. 
Propositioin 6.1. Knowing a reference function is equivalent to knowing the discount rate of the agents β.
See Appendix E for proof. By the proposition above and Theorem 5.3, we obtain the following.
Theorem 6.1. Suppose we know a reference function of φ. If X t is non-attracted to the left (or right) boundary under the objective measure P, then we can recover P from the risk-neutral measure Q.
Theorem 6.2. If X t is attracted to both boundaries under the objective measure P, then we cannot recover P from the risk-neutral measure Q (even for the case of a known reference function).
These theorems indicate that, although we know a reference function, we cannot recover the objective measure from the risk-neutral measure in general. However, if we have more information, we can recover.
Theorem 6.3. Suppose X t to be a process on a (possibly unbounded) interval having left boundary a and right boundary b. For a given positive function f and two positive numbers L and R, if it exists, there is a unique solution pair (β, φ) of Lφ = −βφ such that f is a reference function of φ and lim
This theorem means that we have to know not only the reference function but also the precise boundary behavior of φ for recovery. See Appendix F for proof. The notion of a reference function can be used for empirical purposes. Recall Proposition 3.1. Let us suppose that we have past market data of X t , µ(X t ), k(X t ) and σ(X t ), denoted bŷ
Using suitable computational methods, we can find functionẑ(·) such that
Then, we can expect that functionĥ(·), defined bŷ
is a reference function of φ. Therefore, by applying Theorem 6.1, the objective measure can be recovered from the risk-neutral measure. On the other hand, Theorem 6.3 is not useful when put to practical use. Theorem 6.3 merely provides a theoretical implication that the boundary behavior ofĥ(·) matters for recovery. Because the data is usually limited, it is not straightforward to obtain a precise boundary behavior ofĥ(·).
Recovery Theory
In this section, we discuss how recovery theory can be practically used. The indicator process originally comes from the aggregate consumption process c t . Formally, there is a bijective map i such that c t = i(X t ). For a short time interval, c t is empirically fluctuating; thus we may assume that X t is recurrent under the objective measure. We can recover the objective measure from the risk-neutral measure by Theorem 5.1. A short interest rate r r can serve as an indicator process it is because r t reflects the dynamics of c t well for a short time interval.
In the long time interval, we may assume that X t is non-attracted to the left or right boundary. Empirically, the aggregate consumption process c t grows with time; thus c t is nonattracted to the zero boundary. We can use Theorem 5.3 or 6.1 to recover the objective measure from the risk-neutral measure.
We now shift our attention to the choice of β, the discount rate of the agents. By Proposition 6.1, we can get the value β by finding a reference function. It is relatively straightforward to obtain a reference function from market data rather than the value β. We discussed how to get a reference function in the previous section.
We can also use other financial and economic methods of finding the value β. Finding β is a major topic in finance and economics. There is a vast amount of literature on the theoretical and practical techniques; [2] , [7] and [8] . By these methods, we can obtain proper empirical data of β.
Applications
In this section, we investigate applications of recovery theory. Based on recovery theory that we developed by now, we find the principal pair. We explore how the principal pair can be used for finance or economic applications.
Pricing Long-Term Options
Consider the option price with maturity t when the payoff is of the form f (X t ) for some function f. The function f is referred to as the payoff function of the option. When the payoff function f is a reference function of φ, Borovicka, Hansen and Scheinkman in [5] and [17] investigate the long-maturity behavior of this option: the long-term yield of the option is equal to the discount rate of the agents β.
Definition 8.1. The long-term yield of an option is defined by
which is equal to
Propositioin 8.1. If a payoff function is a reference function, then the long-term yield of the option price is equal to the discount rate of agent β.
For proof, see the proof of Proposition 6.1.
Recovering the Utility of the Representative Agent
Based on recovery theory as discussed above, we obtain the principal pair (β, φ). In this section, using φ, we determine how to recover the utility function U of the representative agent (recall (2.3)). We can find U by identifying the relationship between the consumption process c t and the indicator process X t . Recall that c t = i(X t ). The function i is assumed to be empirically obtained. Denote the inverse function of i by ϕ. We have
and can thus obtain U (·). We present a simple example in section 9.2.
Examples
Brownian Motion
Consider the classical Black-Scholes model with the indicator process X t :
and suppose the interest rate is a constant, denoted by r. The infinitesimal operator is
We want to find the positive solutions of
with h(0) = 1. For λ < r + b 2 2σ 2 , these solutions are given by
for 0 ≤ c ≤ 1 where
and we have
For λ = r + is the objective measure. Under this measure, the indicator process X t follows dX t = σ dB t .
Recall Theorem 5.3. If X t is non-attracted to −∞ and if the discount rate of the agents β (≤ r + b 2 2σ 2 ) is known, then the transformed measure with respect to tuple
is the objective measure, under which the indicator process X t follows
As a particular case, if β is equal to the interest rate r (which is also equal to the long-term yield of bonds in this Black-Scholes model), then X t follows dX t = |b| dt + σ dB t under the objective measure.
The CIR Model
Suppose the indicator process is the interest rate process and the interest rate process follows the CIR model:
The infinitesimal operator is
Consider the equation Lh = −λh with h(r 0 ) = 1. Interest rates are usually recurrent in the real world; therefore, we assume that r t is recurrent under the objective measure.
. It can be easily checked that
is the only solution pair that induces the recurrent indicator process under the objective measure and under which the indicator process is expressed by
The discount rate of the representative agent is β = kaθ. We can recover the utility of the representative agent if we know the relationship between r t and c t empirically, as discussed in section 8.2. As a simple example, suppose c t = e −m(rt−r 0 ) for some positive m. In this case,
Hence, by setting α = k m
, we have
This utility function U (·) is referred to as the power utility function.
Conclusion
This article extended the Ross model to a continuous-time setting model. In a continuoustime setting, the risk-neutral measure contains some information about the objective measure. Unfortunately, the model fails to recover an objective measure from a risk-neutral measure. We discussed several conditions under which the recovery of the objective measure from the risk-neutral measure is possible in a continuous-time model. When the indicator process is recurrent under the objective measure, recovery is possible.
We also determined the type of information that is necessary and sufficient for recovery when the indicator process is transient. We stated that when the indicator process is transient, we can recover the objective measure if the discount rate of the agents is known and the indicator process is non-attracted to the left (or right) boundary. We justified that the indicator process is non-attracted to the left (or right) boundary for a long time interval by economic or financial arguments and also stated how to choose the discount rate of the agents.
We introduced the notion of a reference function to obtain information about the objective measure. We stated that when the indicator process is transient, we can recover the objective measure if a reference function is known and the indicator process is non-attracted to the left (or right) boundary.
We investigated applications of recovery theory. Based on recovery theory, we explored how the principal pair can be used for finance or economic applications. We determined the longmaturity behavior of an option when the payoff is of the form f (X t ) for some function f. We also investigated how to recover the utility function of the representative agent by illuminating the relationship between the indicator process and the aggregate consumption process of the economy.
The following extensions for future research are suggested. First, it would be interesting to extend this work when each agent in the market has a distinct discount rate. In this article, in the consumption-based capital asset pricing model (CCAPM), it was assumed that all agents have a common discount rate. The author conjectures that as long as the economy has a representative agent, then recovery is possible. Second, it would be interesting to explore more general forms of the pricing kernel. We discussed only the case that (the reciprocal of) the pricing kernel has the form of e βt φ(X t ). Third, it would be interesting to find sufficient conditions under which recovery is possible when the indicator process is attracted to both boundaries. We could not offer such conditions and concluded that recovery is impossible in this case. Finally, it would be interesting to extend the indicator process to a semi-martingale process.
This article displays merely the theoretical foundation of recovery theory. Much work remains to be conducted on the implementation and empirical testing of recovery theory in future research.
A Bocher Theorem
In this section, we prove Proposition 3.2. dy and u is a solution of
This can be shown by direct calculation. For more details, refer to [31] , page 36. Using this proposition, the problem of finding a positive solution h of Lh = −λh can be transformed to the problem of finding a positive solution u of u (x) + p(x)u(x) = 0 for some p(·). The following property is useful for identifying the positive solutions of an equation of this form. Refer to [4] and [14] for more details. This property proves Proposition 3.2.
B Proof of Proposition 4.3
Proof. For convenience, we may assume that ξ = 0, the left boundary is −∞ and the right boundary is ∞. Let h be a positive solution of Lh = −λh (we know that this solution exists by Proposition 3.2). Assume h(0) = 1. Another solution, which is independent of h, is
dz dy .
(It can be obtained by direct calculation). Recall the definition of the scale measure S in section 4.
The general solutions of Lh = −λh are expressed by
Assume that at least one of S((−∞ 
which is a positive function for and only for 0 ≤ c ≤ 1 if S([0, ∞)) = ∞ and is positive for and only for − ) is in A. This is a contradiction. We now show that for z with m λ ≤ z < M λ , under the transformed measure with respect to tuple (λ, z), the indicator process X t is attracted to the left boundary. Let g be a positive solution of Lg = −λg with g(0) = 1 and g (0) = z. Recall q(x) = e 
By direct calculation, we have
Because Γ(0) > 0 and Γ = 0 is an equilibrium point, we know that Γ(x) ≥ 0 for all x. By differentiating
we have
Thus,
Recall Proposition 3.1 and consider the indicator process X t under the transformed measure with respect to tuple (λ, z) :
By setting µ :
Therefore, X t is attracted to −∞ under the transformed measure with respect to (λ, z).
D Proof of Proposition 4.4
Proof. Let δ < λ. Let g be a positive function of Lg = −δg with g(0) = 1 and g (0) = M δ . We show that there does not exist a positive function h of Lh = −λh with h(0) = 1 and h (0) = M δ . This implies that M δ > M λ . Suppose h is a positive solution of Lh = −λh with h(0) = 1 and
dy in Proposition A.1. Write h = uq and g = vq. Define
Because Γ(0) = 0, we have that Γ(x) > 0 for x < 0 because if Γ(x) ≤ 0 for some x < 0, then Γ(y) < 0 for all y > x and thus Γ(0) = 0, which is a contraction. Choose x 0 with x 0 < 0. For x < x 0 , we have
Integrating from x 0 to x, This implies that X t is attracted to the left boundary under the transformed measure with respect to the tuple (δ, M δ ), which is a contradiction.
E Proof of Proposition 6.1
Proof. Suppose we know a reference function f. From Hence, we know the discount rate of the agent. Conversely, suppose we know the discount rate of the agent β. We show that any positive solution f of Lf = −βf is a reference function. We have E This completes the proof.
F Proof of Theorem 6.3
Proof. Assume ξ = 0 and a < 0 < b. Suppose there are two such pairs (β, φ) and (λ, h). Because a reference function determines the discount rate of the agent, it should be that β = λ. By direct calculation, we know that the (general) solution h of Lh = −βh can be written by Because u is a positive function, this is a contradiction.
G An Example for Corollary 4.2
Consider the equation Lh = −λh. Recall that
That is, β is the maximum value among all the λ's of the solution pair (λ, h) with h(·) > 0. In this section, we explore an example such that Lh = −βh has two linearly independent positive solutions. Let L be such that
Lh(x) := h (x) + x (1 + x 2 ) 3/4 h (x) for x ∈ R .
First, Lh(x) = 0 has two linearly independent positive solutions: h 1 (x) ≡ 1 and h 2 (x) = It is enough to show that β = 0. That is, for any fixed λ > 0, the equation Lh = −λh has no positive solutions. Suppose there exists such a positive solution h. Define a sequence of functions by g n (x) := h(x + n) h(n) , n ∈ N.
By direct calculation, g n satisfies the following equation:
(G.1) g n (x) + x + n (1 + (x + n) 2 ) 3/4 g n (x) = −λg n (x) .
By the Harnack inequality stated below, we have that (g n ) ∞ n=1 is equicontinuous on each compact set on R; thus we can obtain a subsequence of (g n ) ∞ n=1 such that the subsequence converges on R, say the limit function g. Since g n is positive, the limit function g is nonnegative. On the other hand, it can be easily shown that the limit function g satisfies Assume that a(x) is bounded away from zero; that is, there is a positive number l such that a(x) ≥ l > 0. Suppose that a(x), |b(x)| and |c(x)| are bounded by a constant K. Then for any z > 0, there exists a positive number M = M (z, K) (depending on z and K, but on neither a(·), b(·), c(·) nor h(·)) such that h(x) h(y) ≤ M whenever |x − y| ≤ z.
